We present a theoretical study of non-local magnetoelectric effects in diffusive hybrid structures with an intrinsic linear-in-momentum spin-orbit coupling (SOC) which is assumed to be spatially inhomogeneous. Our analysis is based on the SU(2)-covariant drift-diffusion equations from which we derive the BC at hybrid interfaces. Within this formulation, the spin current is covariantly conserved when the spin relaxation is only due to the intrinsic SOC. This conservation leads to the absence of spin Hall (SH) currents in homogeneous systems. We also consider extrinsic sources of relaxation (ESR), as magnetic impurities, which break the covariant spin conservation, and may lead to SH currents. We apply our model to describe non-local transport in a system with an interface separating two regions: one normal region without intrinsic SOC and one with a Rashba SOC. We first explore the inverse spin-galvanic effect, i.e., a spin polarization induced by an electric field. We demonstrate how the spatial behavior of such spin density depends on both, the direction of the electric field and the strength of the ESR rate. We also study the spin-to-charge conversion, and compute the charge current and the distribution of electrochemical potential in the Rashba region induced by a spin current injected into the normal region. In systems with an inhomogeneous SOC varying in one spatial direction, we find an interesting non-local reciprocity between the spin density induced by a charge current at a given point in space, and the spatially integrated current induced by a spin density injected at the same point.
I. INTRODUCTION
Spin-orbit coupling (SOC) in metals and semiconductors couples the charge and spin degrees of freedom of the electrons and leads to a variety of magnetoelectric effects. For that reason conductors with sizable SOC are used for the creation and control of spin currents and spin densities by applying electric fields. Reciprocally, magnetoelectric effects allow for detecting spin by measuring electric signals [1, 2] .
One usually distinguish between two effects related to the charge-to-spin conversion via SOC: the spin Hall effect (SHE) and the spin-galvanic effect (SGE). The SHE consists in the generation of a spin current, transverse to the applied charge current [2] [3] [4] [5] . It has been measured in several experiments and different materials [6] [7] [8] [9] [10] [11] . The inverse SHE consist of a charge current, or Hall voltage, induced by injection of a spin current [2] .
In this work we mainly focus on the second type of magnetoelectric effects, namely the SGE and its inverse. The latter denotes the spin polarization induced by an electric field [12] [13] [14] [15] [16] . The SGE takes place in materials with an intrinsic SOC, such as the Rashba or Dresselhaus [17, 18] , and in contrast to the SHE, the induced spin is homogeneous in space and, in principle, in the stationary case, no spin currents are generated [19] [20] [21] [22] [23] . In the particular case of Rashba SOC, the inverse SGE is also known as the Edelstein effect [12, 24] . Observation of the SGE and its inverse has been reported in Refs. [7, [25] [26] [27] [28] [29] . * cristina sanz001@ehu.eus † sebastian bergeret@ehu.eus
From a practical point of view, hybrid structures combining different materials play an important role in the detection of magnetoelectric effects. This requires on the one hand to have large SOC for an efficient charge-to-spin conversion and, on the other hand, large enough spin diffusion lengths in order to transport the spin information across the device. At first glance, it seems difficult to find systems satisfying these two conditions, because a strong SOC in a diffusive system will inevitably lead to a strong spin relaxation [13] . This problem can be overcome by using hybrid structures combining for example two different materials, one with a strong SOC, in which the charge-to-spin conversion occurs, adjacent to a second material with a weak SOC where the spin information can be transported over long distances. There are many examples of hybrid structures used in spintronics, such as the non-local spin valves sketched in Fig. 1 (a) , used for electric injection and detection of spin accumulation [29] [30] [31] [32] . In such a setup the source signal, either a spin or a charge current, is injected from one of the electrodes (orange/blue), whereas the response signal, a charge or spin voltage, is measured nonlocally at the detector electrode (blue/orange). Similar valves combining ferromagnetic electrodes and metallic wires have also been used to measure the SHE [8] , as well as to study the reciprocity between the SHE and the inverse SHE [33] .
In this work, we present a theoretical study of non-local electronic transport in hybrid diffusive systems with arbitrary linear-in-momentum intrinsic SOC. We focus on the reciprocity between the non-local SGE and its inverse. Our analysis is based on the drift-diffusion equations [4] formulated in the language of SU(2) gauge fields, where the intrinsic SOC and the Zeeman field enter as the space and time components of an effective SU(2) 4-potential [34] [35] [36] . Within this formalism, the spin obeys a covariant continuity equation which explains the absence of spin Hall (SH) currents in a homogeneous system with intrinsic SOC. This covariant conservation of the spin is broken in the presence of any extrinsic source of spin relaxation (ESR), as for example magnetic impurities or a random SOC originated from scattering of electrons at impurities.
For the description of hybrid interfaces between materials with different strengths of SOC, we derive effective boundary conditions (BC). These are valid for arbitrary linearin-momentum intrinsic SOC with an arbitrary spatial variation [37] and a finite ESR. Our BC generalize previous results obtained for specific systems with a pure Rashba SOC [22, [38] [39] [40] [41] . With the help of the SU(2)-covariant diffusion equations and the BC, we present a complete description of the non-local transport in hybrid diffusive systems.
Specifically, we focus on the non-local measurement of the SGE and its inverse in a two-dimensional hybrid system consisting of a diffusive conductor without intrinsic SOC, labeled as normal metal, adjacent to a Rashba metal, i.e., a conductor with an intrinsic Rashba SOC (see Figs. 1 (b) and (c)). Firstly, we address the non-local inverse SGE, Fig. 1 (b) , and calculate the value of the spin density induced at the normal metal at a finite distance from the interface with the Rashba region, when an electric field is applied. If the field is parallel to the interface, and due to its covariant conservation, the spin generated at the Rashba metal cannot diffuse into the normal region, leading to a zero signal [22, [38] [39] [40] . However, inclusion of ESR beaks the covariant conservation of the spin, and a finite SH current is generated. This leads to a diffusion of the spin into the normal region. The situation is rather different when the electric field is applied perpendicular to the interface. In this case the BC impose the conservation of both the spin density and spin (diffusive) currents at the interface. This leads to a diffusion of the spin density induced via the inverse SGE into the normal metal even in the absence of ESR mechanisms [40] . Moreover, even in the latter case, a non-transporting SH current along the interface appears on the Rashba metal side. This current decays away from the interface over the effective Rashba spin relaxation length.
Secondly, we address the inverse effect, i.e., the non-local SGE, see Fig. 1 (c) . In this case, a spin density is injected into the normal metal at a certain distance from the interface. This spin diffuses over the normal region, and the corresponding spin diffusion current reaches the Rashba metal, where it is transformed into a charge current. We demonstrate that depending on the polarization of the injected spin density, charge currents parallel or perpendicular to the interface can be generated. In the absence of ESR, the spatially integrated current parallel to the interface vanishes leading to zero global SGE, whereas a finite ESR leads to a finite total charge current. These two situations are the reciprocal to the non-local inverse SGE described above. Indeed we find a general nonlocal reciprocity relation between the global charge current induced by the spin injected locally at some point x 0 , and the spin at the same point x 0 induced by applying an uniform electric field.
Finally, we consider the non-local SGE when the lateral dimensions are finite. In this case one has to impose a zero FIG. 1. (a) Sketch of a hybrid lateral structure for non-local transport measurements. The gray region is a normal metal without SOC connected to two electrodes. At the contact with the blue electrode it is assumed a sizable SOC, whereas the orange electrode is a ferromagnet which may serve as a spin injector or detector. (b) The system under consideration to study the non-local inverse SGE. An electric field is applied parallel or perpendicular to the interface, and a spin density is induced due to the SOC in the blue region. We are interested in the spin density at a distance L away from the interface in the normal metal. (c) The same as (b) but now a spin is injected into the normal metal at a distance L from the interface. We are interested in the charge current induced in the blue region as a consequence of the SGE. current flow at the lateral boundaries. We solve this boundary problem and find a redistribution of the electrochemical potential and the charge currents which also flow in the normal metal.
The paper is organized as follows. In Sec. II we present the SU(2)-covariant drift-diffusion equations for the charge and the spin densities, and derive the general BC for arbitrary spatial dependence of the SOC and strength of the ESR. In Sec. III we first review the inverse SGE in bulk homogeneous systems with an arbitrary linear-in-momentum SOC. In Sec. III B we explore the non-local inverse SGE in the normal/Rashba metal structure shown in Fig. 1 (b) . In Sec. IV we analyze at a general level the reciprocity between this effect and the non-local SGE, and show that the spin density at x 0 , induced via the non-local inverse SGE, is proportional to the integrated charge current, generated via the non-local SGE, by injection of a spin current density at x 0 . In Sec. V we study the non-local SGE shown in Fig. 1 (c) and compute the spatial dependence of the charge current density. In Sec. VI we analyze the SGE in the same structure but with finite lateral dimensions, and determine the redistribution of charge currents and the electrochemical potential induced by the SGE. Finally we present our conclusions in Sec. VII.
II. THEORETICAL DESCRIPTION OF DIFFUSIVE HYBRID STRUCTURES
In this section we present the diffusion equation for the charge and spin densities in hybrid metallic structures. We also derive BC for these equations describing hybrid interfaces between materials with different SOC strengths. We focus on materials with linear-in-momentum SOC. The latter can be described with the help of a SU(2) vector potential
Specifically, we consider the following Hamiltonian [36, 42] :
A particular case of SOC is the widely studied two dimensional Rashba SOC, for which A x y = −A y x = 2mα = λ −1 α , being α the Rashba parameter. The second term in Eq. (1),
0 σ a , describes a Zeeman or ferromagnetic exchange field. The last term is the potential of randomly distributed impurities. We consider both non-magnetic and magnetic impurities, such that V imp = V nm +V m , where V nm also contains the SOC generated by the random potential of the impurities [1] . In our notation, lower indices correspond to spatial coordinates and upper indices to spin components and throughout the paper sum over repeated indices is implied.
The advantage of introducing the SOC as a SU(2) gauge field, is that one can derive a SU(2)-covariant continuity equation for the spin [35] . In other words, within this formalism the spin is covariantly conserved when only intrinsic linear-inmomentum SOC is considered, and it satisfies the following continuity equation:
whereŜ = S a (σ a /2) is the spin density andĵ k = j a k (σ a /2) is the spin current density flowing in k-direction, defined as the average of the spin current operator, j a k = (1/2) {∂ H/∂ p k , σ a /2}. The spin continuity equation has the same form as the charge continuity equation, but with the derivatives substituted by the covariant ones,
In the presence of any type of ESR, as for example magnetic impurities, or SOC due to the impurity scattering [24, 42, 43] , Eq. (2) acquires an additional term:
Here we assume that the spin relaxation is isotropic in space and neglect the interference term between extrinsic and intrinsic SOC [44] . Clearly the ESR breaks the SU(2) symmetry and hence the spin is no longer covariantly conserved. We now consider a hybrid interface between two materials with different SOC. In real systems, all potentials appearing in the Hamiltonian of Eq. (1) must be finite and, therefore, both the spin currents and spin densities must also be finite at any point in space. Therefore one can integrate Eq. (3) over an infinitesimal interval across the interface and obtain the conservation of the spin current:
wheren = (n x , n y , n z ) is a unit vector perpendicular to the interface. This is the first BC. In order to describe the spatial distribution of the spin and charge densities, we focus here on diffusive systems in which the elastic scattering rate at non-magnetic impurities dominates over all other rates. Specifically, the inverse of the momentum relaxation time, τ −1 , is assumed to be larger than all other energies, such as SOC, Zeeman field, or the inverse of any ESR time, τ −1 ext . In this limiting case, the spin current is given by [36, 45, 46] :
The first term corresponds to the SU(2)-covariant diffusion current, where D = v 2 F τ/2 is the diffusion coefficient. The second term, proportional to the charge current density j i , describes the charge-to-spin conversion, where γ = τ/(2m). It is, therefore, the term responsible for the SHE. The proportionality factor contains the field strength tensor defined in terms of the SU(2) vector potential as:
In analogy to the ordinary Hall effect, where electrons are deflected by an external magnetic field, the second term in the right hand side of Eq. (5) describes the spin-dependent deflection in the presence of an effective SU(2) magnetic field, Eq. (6), generated by SOC.
The charge current density in the diffusive limit is given by [36, 45] :
where n is the out-of-equilibrium electron density, σ D the Drude conductivity, and E k the k-th component of the electric field. The third term is the reciprocal to the second term in Eq. (5). It describes the spin-to-charge conversion under the action of the SU(2) field and, therefore, is related to the inverse SHE. The spin and charge diffusion equations are obtained by substituting expressions Eqs. (5) and (7) into Eq. (3) and the charge continuity equation, respectively. Specifically, the SU(2)-covariant spin diffusion equation in a stationary case and in the absence of a Zeeman field has the following compact form:
The covariant Laplace operator in the first term can be written explicitly by expanding the covariant derivatives [47] :
where we define the following operators [47] :
Here, Γ ab is the general Dyakonov-Perel relaxation tensor that describes spin relaxation due to the randomization of the spin precession caused by the scattering at non-magnetic impurities, whereas P ab k describes the precession of an inhomogeneous spin density [19, 47] .
The spin diffusion equation, Eq. (8), is solved in the next sections for different geometries and situations. For the case of hybrid systems, one needs an additional BC to Eq. (4), which can be obtained by integrating Eq. (5) over a small interval around the interface. In the absence of charge current sources, this integration leads to the continuity of the spin density across the interface. In contrast, if a finite charge current density is induced by an electric field, j i = −σ D E i , the integration of Eq. (5) across the junctions leads to:
This result demonstrates the BC depend on the orientation of the electric field with respect to the interface. If the electric field is perpendicular to the interface, the spin is conserved. In contrast, an electric field with a parallel component may lead to a jump of the spin density across the interface. Eq. (12) is valid for any linear-in-momentum SOC and direction of the field. It generalizes the result of previous works [22, [38] [39] [40] [41] , obtained for an interface between a two dimensional Rashba medium and a two-dimensional diffusive metal without SOC.
In the next sections we study non-local transport in the diffusive hybrid structure sketched in Figs. 1 (b) and (c). It consists of a normal metal without intrinsic SOC (gray area) adjacent to a metal with Rashba SOC (blue area), from here on referred to as a Rashba metal. As mentioned above, Rashba SOC is described by the SU(2) vector potential with non-zero components A x y = −A y x = 2mα = λ −1 α . We assume that the system is translationally invariant in the y-direction, and hence the spin density depends only on the x-component.
In the normal metal region the spin current has only a diffusion contribution (first term of Eq. (5)) and the spin diffusion equation, Eq. (8), has the same form for all spin components:
where λ s is the spin diffusion length in the normal metal. In the Rahsba metal the three components of the spin current are obtained from Eq. (5):
The components of the spin density are determined by the following set of coupled diffusion equations:
Notice that for generality we assume different ESR lengths in the Rashba and in the normal metal, λ ext and λ s , respectively. We solve Eqs. (13) and (17)- (19) in two different situations. We first consider the inverse SGE, Fig. 1 (b) : an electric field is applied, and a spin density is induced. We then focus on the reciprocal situation, Fig. 1 (c) , in which we assume that a spin density is created (e.g. by injection) at some point at the normal metal and determine the charge current induced at the Rashba metal via the SGE.
III. CHARGE-TO-SPIN CONVERSION: THE INVERSE SPIN-GALVANIC EFFECT
In this section we explore the charge-to-spin conversion in homogeneous and hybrid systems with intrinsic SOC. This conversion leads to the inverse SGE, which in the particular case of Rashba SOC, is also called the Edelstein effect [12] .
We start our discussion by analyzing this effect in a bulk material with intrinsic SOC. Even though this example has been widely studied in the literature [19, 48, 49] , its discussion here will serve as good starting point to introduce the main physical parameters used in the subsequent analysis of a more complicated hybrid setup.
A. Homogeneous material with intrinsic SOC
The question under which conditions a charge current through a conductor with intrinsic SOC can create a transverse SH current, was addressed in several works (see e.g. Refs. [19, 48, 49] ). Here we show how the answer to this question can be found straightforwardly from the SU(2)-covariant spin diffusion equation.
In a bulk homogeneous system the spin density has no spatial dependence and, therefore, the diffusion equation reduces to an algebraic equation after setting the spatial derivatives in Eq. (8) to zero. In the presence of an external electric field, this equation reduces to:
We first assume that τ −1 ext = 0, and obtain:
The SH current, i.e., the spin current transverse to the applied electric field, is obtained from Eq. (5) and reads:
In the absence of ESR, S b = S b int , and hence no transverse current is generated. The spin current induced by the SU(2) magnetic field is fully compensated by the spin diffusive current. This means that in a homogeneous finite system with intrinsic SOC no spin accumulation at the boundary is expected. This can be seen as a direct consequence of the SU(2)-covariant conservation of the current, Eq. (2), which has to be zero at the sample boundaries.
The situation is quite different in the presence of a finite ESR. For the Rashba SOC the solution of Eq. (20) can be explicitly written:
where the parameter r ext = λ α /λ ext , with λ ext = √ τ ext D, characterizes the relative strength of ESR, and
is the well known Edelstein result [12, 50] for the currentinduced spin in the Rashba metal [51] . Substitution of Eq. (24) into Eq. (22), leads to a finite SH current [42, 52, 53] :
The above results are used in the next sections to contrast them with those obtained for hybrid systems.
B. Hybrid structure with inhomogeneous SOC
We now focus on the hybrid diffusive structure sketched in Fig. 1 (b) . The structure can be viewed as a building block of a lateral spin valve, Fig. 1 (a) , commonly used for non-local detection of magnetoelectric effects [8, 54] . The charge-tospin conversion can be detected by passing a charge current at the Rashba metal (blue region in Fig. 1 (a) ). This current generates a spin accumulation which can diffuse into the normal metal (gray region) and can be detected as a spin voltage measured by a ferromagnetic electrode (orange region) [30] .
In our model of Fig. 1 (b) , the normal metal occupies the half-plane x < 0 and the Rashba metal is at x > 0. We solve the diffusion equations in both regions, Eqs. (13) and (17)- (19) , together with the BC at x = 0, Eqs. (4) and (12) .
In the normal metal region, x < 0, the solution of Eq. (13) is an exponential function decaying away from the interface over the spin diffusion length λ s . Whereas, the solution at the Rashba metal depends on the direction of the applied electric field. We distinguish between two different situations: when the electric field is applied parallel or perpendicular to the interface.
Electric field parallel to the interface: E = E yêy
If the electric field is applied parallel to the interface between the normal and Rashba conductors then, according to Eq. (24), the induced spin density in the bulk of the Rashba metal is polarized perpendicular to E, which in our case corresponds to the direction S x . From Eqs. (17) and (18) we see that the diffusion of this component is coupled to S z , whereas the spin polarization in the y-direction is not induced. Thus one needs to solve two coupled linear second order differential equations with BC at the interface between the normal and the Rashba metals obtained from Eqs. (4) and (12): The explicit form of the spatial dependence of S x and S z is given in Eq. (A1) of Appendix A and it is shown in Figs. 2 (a) and (b), respectively, for λ ext = λ s . The obtained behaviour can be easily understood from the bulk solution. When the ESR is negligibly small, r ext → 0, the SH current is zero and the Edelstein spin density cannot diffuse into the normal metal, Figs. 2(a) . This is a consequence of the SU(2)-covariant conservation of the spin. Such conservation does not hold for a finite r ext . Indeed, ESR leads to a finite spin current in the Rashba metal, Eq. (25), and consequently, the continuity of the spin current at the interface leads to a diffusive spin current in the normal metal. Moreover, due to the coupling between the S x and S z also a finite S z is induced in the whole system, as shown in Fig. 2 (b) . Far away from the interface inside the Rashba metal, x/λ α 1, the spin density reaches its bulk value given by Eq. (23) .
One can obtain simple expressions for the spatial depen-dence of the spin density in limiting cases. For example, if the ESR is very small, r ext 1, we obtain:
where κ 2 0 = (−1 + i √ 7)/2, corresponds to the definition of κ in Eq. (A2) with r ext = 0. This means that, to leading order in r ext , the Edelstein spin given by Eq. (23) is induced homogeneously in the Rashba metal, whereas the amplitude of the spin density that diffuses into the normal region is proportional to r 2 ext , cf. Fig. 2 (a) and (b) . When r ext = 0, we recover the results obtained in Refs. [22, 38] .
In the opposite limit, i.e., when r ext 1, we obtain from Eq. (A1):
In this case, the induced S x is localized at the interface and decays exponentially into both metals (cf. Fig. 2 (a) ). The sign of the spin at both sides of the interface is opposite. If λ ext = λ s , as in Fig. 2 , the value of the spin at each side of the interface is ±S x EE /2. Due to the Rashba coupling, a small contribution polarized in z also appears as shown in Fig. 2 (b) . If λ ext = λ s we distinguish two cases: If λ s λ ext , then the spin relaxes strongly in the normal metal next to the interface. On the Rashba side, S z practically disappears whereas there is an x-polarized spin accumulation at the edge of the order of S x EE , which decays towards the bulk. In the opposite limit, λ s λ ext the spin density in the Rashba metal is strongly suppressed by the ESR. Whereas at the interface in the normal metal side a spin density S x EE appears and decays over λ s into the normal metal.
The spin density induced in the normal metal can be measured by detecting a spin voltage with a local ferromagnetic probe. We assume that such a contact is located at a distance L from the interface, see Figs. 1 (a) and (b) . In Fig. 3 (a) , we show the dependence on r ext of both spin components (solid blue and dash-dotted orange lines) induced in the normal metal, Eq. (A1), at the detector. We chose λ s = λ ext and L λ s . As explained above, in the absence of ESR, r ext = 0, the spin density induced by the charge current in the Rashba metal does not diffuse into the normal part and hence both components are zero. For finite ESR, both S x and S z become finite at x = −L, but their dependence on r ext is quite different. The absolute value of S x increases monotonically with r ext and asymptotically approaches |S x EE |/2, while S z reaches a maximum at r ext ≈ 1 and decays towards zero by further increase of r ext .
FIG. 3. (a)
Spin density induced at x = −L by an electric field, see Fig. 1 (b) , as a function of r ext . We distinguish between an electric field applied parallel and perpendicular to the interface. (b) Integrated charge current induced by a spin density injection at x = −L, see Fig. 1 (c) , as a function of r ext . The charge current flows in different directions depending on the polarization of the injected spin density. All curves are calculated for L/λ s = 0.01, λ s = λ ext , and normalized according to Eq. (43).
Electric field perpendicular to the interface: E = E xêx
Now we focus on the situation in which the electric field is applied perpendicular to the interface. According to Eq. (24), the induced spin density is polarized in the direction ofÂ x , which for Rashba SOC corresponds to S y . This component is decoupled from the other two, see Eqs. (17)- (19), and therefore in this case S x,z = 0.
For the perpendicular orientation of the electric field, the BC correspond to the continuity of both the spin current and the spin density, Eqs. (4) and (12):
This means that the spin generated at the Rashba metal via the Edelstein effect, diffuses into the normal metal, even in the absence of any ESR mechanism. From Eqs. (13), (19) , and (29), one can determine explicitly the spatial dependence of S y . In the normal metal it reads (x < 0):
and in the Rashba region (x > 0):
This result has to be contrasted to the one obtained when the field is applied parallel to the interface. Namely, in the latter case when r ext = 0 no spin diffuses into the normal metal. Here, however, even if r ext = 0, the diffusion occurs as a consequence of the broken translation symmetry in the direction of the electric field. In Fig. 2 (c) we show the spatial dependence of S y , assuming that the ESR in the normal and Rashba metals are equal, λ s = λ ext . As in Figs. 2 (a) and (b) , deep in the Rashba metal, x λ α 1, one obtains the bulk value for the spin density, determined by Eq. (23) . Because of the continuity of the spin density, the increase of ESR leads to an overall homogeneous decrease of the spin density.
We compute the measurable spin density at a distance L from the interface, see Figs. 1 (a) and (b). It is shown in Fig. 3 (a) (dashed green line) for the particular case of λ s = λ ext and L λ s . Due to the latter condition, for r ext = 0 the spin density at x = −L is approximately equal to |S y EE |. When the ESR is switched on, the current induced spin in the bulk Rashba metal decreases monotonically according to Eq. (23), and so does the spin density value at x = −L.
The spin generated in the normal metal is associated to a diffusion spin current j y x , parallel to the E-field as a consequence of the spatial variation of S y , Eqs. (30) and (31) . But more interesting is the appearance of a SH current, j z y , in the Rashba metal as a consequence of both, the covariant diffusion and the SU(2) magnetic field. This is a transverse to the E-field current and it can be calculated from Eq. (5):
which after substitution of S y (x) from Eq. (31), gives:
The first term is the bulk solution of Eq. (25), whereas the second term is a correction due to the broken translation symmetry in the direction of the field. Interestingly, even in the absence of ESR, r ext = 0, there is a finite contribution to the SH current which is maximized at the interface and decays exponentially into the bulk. Such a localized SH current resembles the one obtained in Ref. [19] in a different geometry and for r ext = 0.
IV. RECIPROCITY BETWEEN THE NON-LOCAL GALVANIC EFFECT AND ITS INVERSE
In the previous section we discuss the non-local inverse SGE: a finite spin density, detectable in the normal metal at a distance L from the interface, Figs. 1 (a) and (b) , is induced as a response to an electric field applied both parallel and perpendicular to the interface. In the next section, we explore the reciprocal non-local effect, i.e., the charge current induced by a spin injection into the normal metal (gray region in Fig. 1  (c) ). Before analyzing quantitatively this effect for this specific geometry, we examine the diffusion equation and identify a general non-local reciprocity between the spin induced by a charge current and the spatially integrated charge current induced by spin injection. We interpret this reciprocity as the non-local version of the reciprocity between the SGE and its inverse.
Our starting point is the general spin diffusion equation, Eq. (8), that we rewrite as follows:
We assume as before, that the SOC is inhomogeneous with a spatial variation over lengths larger than the mean free path. As shown in Sec. II, the BC for hybrid interfaces can be obtained by integration of this equation. Here, instead, we keep the spatial dependence in the SU(2) fields and work with the general Eq. (34). We assume that the fields only vary in one direction, which we define as x. This is our only assumption. Thus, the diffusion equation reduces to a 1D linear differential equation. The solution can be written as:
where the Green's functionĜ satisfies:
Eq. (35) describes the non-local inverse SGE, i.e., the spin density created at x by an homogeneous electric field in kdirection. We now consider the spin-to-charge conversion described by Eq. (7), which can be rewritten as:
where µ is the electrochemical potential defined by:
and:
is the charge current density generated via the SOC. Here, j a i is the spin current originated from the covariant diffusion of S a in i-direction and described by the first term in Eq. (5). We now integrate Eq. (39) over x and obtain:
where the last equality follows from integration by parts. Eq. (40) describes the charge current generated by a spin densityŜ and integrated over the direction of the spatial inhomogeneity. The spin density has to be calculated from the diffusion equation. Here we assume that no electric field is applied, but instead a spin currentĵ 0 is injected locally at x = x 0 . The diffusion equation, Eq. (34), corresponding to this situation, reads:
The solution to this equation can be written again in terms of the Green's function, Eq. (36), as follows:
Substituting this result into Eq. (40), and comparing it with Eq. (35), leads to the following relation between the k-component of the induced charge current and the acomponent of the induced spin density:
That is a remarkable result that connects the integrated charge current induced by a spin current injected at x = x 0 , with the spin density at x 0 induced by an applied electric field. This non-local reciprocity is a general property for any diffusive system with a 1D spatial inhomogeneity. It explains the identical curves shown in both panels of Fig. 3 . Specifically, the result of the panel (b) of this figure is discussed in the next section.
V. SPIN-TO-CHARGE CONVERSION: THE SPIN-GALVANIC EFFECT
We now verify the reciprocity demonstrated in the previous section by computing explicitly the non-local SGE in the setup sketched in Fig. 1 (c) . We assume that a spin currentĵ 0 is injected into the normal metal at x = −L. Experimentally this can be done, for example, by injecting a current from a ferromagnetic lead [30, 31] . We first solve the spin diffusion equations, Eqs. (13) and (17)- (19) together with the BC of Eqs. (4) and (12) . Since E = 0, the latter imply the conservation of the spin current and the spin density at the interface located at x = 0:
This continuity leads to the spin diffusion into the Rashba metal for any polarization of the injected spin and strenth of the ESR. At the injection point, x = −L, the continuity of the spin density is assumed and, from Eq. (41):
where j a 0 is the injected spin current. Again, in Eqs. (17)- (19) we see that the components S x and S z are coupled through the SOC whereas S y component is not. Therefore, in the next two subsections we distinguish between the injected spin current polarized in x and z direction, and the injected current polarized in y direction. As shown in Sec. IV, these two cases should be reciprocal to the results of Sec. III when the electric field was applied parallel or perpendicular to the interface, respectively.
A. Spin current polarized in x or z direction Let us assume that the spin current injected at x = −L is polarized in x or z direction and compute the charge current density induced in the Rashba metal, Eq. (39) . Since the Rashba SOC is only finite at x > 0, this current flows in the y-direction and consist of two contributions:
with:
from Eqs. (14)- (15) . The explicit spatial dependence of S x and S z is given in Eq. (B1) of Appendix B. One of the contributions, j int y , is localized at the interface, whereas the other one, j bulk y , is finite at the Rashba metal. In Fig. 4 (a) we show the spatial dependence of the latter in the absence of ESR, r ext = 0. In view of the result of Sec. III B 1, at a first glance it might seem strange that, even though r ext = 0, a finite charge current density is induced in the system. However, as we have understood in the previous section with Eq. (43), the reciprocity involves the integrated current. Indeed, by substituting Eq. (B1) into Eq. (46), and performing the integration, one can demonstrate indeed that J 1y = 0 if r ext = 0 (see Appendix C).
In contrast, in the case of a finite r ext one obtains a finite total current (see Appendix C):
This result is in accordance with the reciprocity relation Eq. (43) and the results of Sec. III B 1. In Fig. 3 (b) we show the behavior of J 1y (solid blue and dash-dotted orange lines) as a function of r ext . With the proper normalization imposed by Eq. (43) these curves are identical to those in Fig. 3 (a) .
B. Spin current polarized in y direction
If the spin current injected at x = −L is y-polarized, only the S y -component is induced. This implies that only the longitudinal charge current density with k = x in Eq. (39) is non-zero:
where we have used Eq. (16) for the spin current density. In the present geometry, only the commutator part of the covariant derivative contributes, such that the current j z y is proportional to S y . The analytic expression for S y (x) is given in Eq. (B2) of Appendix B. In the region x > 0 it reads:
According to Eq. (37), the charge current density is given by the contribution j 1x and the diffusive term:
Because of the charge conservation, ∂ x j x = 0 and the total charge current should be constant in space, j x = const. The value of this constant is determined by the BC imposed on the outer boundaries of the system. For example, in a large, but finite sample with floating edges, j x = 0. This condition, together with Eq. (51), determines the distribution of the electrochemical potential µ(x) in the system:
and eventually relates the voltage drop ∆µ across the sample to the space integrated induced current:
Notice that the integrated current J 1x is exactly the object entering the reciprocity relation of Eq. (43) . In the present case, by using Eqs. (49) and (50), and performing the integration, we find (see Appendix C):
As in the charge-to-spin conversion case, Sec. III B 2, even if τ −1 ext → 0, the magnetoelectric effect does not vanish. In Fig. 3 (b) we show J 1x (dashed green line) as a function of r ext . In agreement with Eq. (43) , this curve coincides with the corresponding curve in Fig. 3 (a) .
VI. LOCAL CHARGE CURRENTS DUE TO THE SPIN-GALVANIC EFFECT IN A FINITE LATERAL GEOMETRY
In Sec. V A we have shown that the non-local spin injection in a system without ESR, r ext = 0, generates a distribution of local transverse charge currents which integrate to zero, see Fig. 4 (a) . Since the system was infinite in the y-direction, such local currents flow in the y-direction but do not depend on y. In contrast, if the system is finite in the lateral y-direction, then the component j y of the charge current density has to vanish at the lateral edges, and one expects a more complicate current pattern.
Here we compute the local distribution of the charge current density and the electrochemical potential in a system of finite width W . We assume that the system has sharp boundaries at y = ±W /2, and consider a particular case in which the injected spin current is polarized in the x-direction, j a 0 = δ ax j x 0 in Eq. (45) . In order to find the redistribution of the electrochemical potential, we need solve the charge continuity equation, ∂ k j k = 0, with j k of Eq. (37) . This reduces to solving the Laplace 
where the second line is the BC imposing zero charge current at the boundary, where j 1y (x) is the SH current of Eq. (46) induced by the SOC and plotted in Fig. 4 (a) . Notice that the latter has two different contributions, the interfacial one j int y and the bulk part j bulk y . The boundary problem of Eq. (55) can be solved following the same method that has been used in Ref. [55] . Here we present the result in Fig. 4 (b) . The color plot shows the electrochemical potential, whereas the streamlines are the corresponding local charge current densities of Eq. (37). Interestingly, near the interface, where the term j int y of Eq. (46) is finite, the currents on both side of the barrier tend to cancel it. In the Rashba metal the spatial distribution is more complicated and follows the j bulk y spatial behaviour. We explore here only the case r ext = 0. However, in the case of finite r ext one expects a qualitatively similar behaviour of the current patterns. The only difference is, that in that case the integrated charge current would be finite in accordance with Eq. (48).
VII. CONCLUSIONS
In summary, we present an exhaustive analysis of non-local magnetoelectric effects in a system with an inhomogeneous linear-in-momentum SOC. Our study is based on the SU(2)-covariant drift-diffusion equations with an additional term describing the spin relaxation due to extrinsic processes. From the spin diffusion equation we obtain BC describing interfaces between materials with different strengths of SOC. One of this BC impose the conservation of the spin current at the interface, whereas the second BC describes the jump of the spin density when an electric field is applied in the direction parallel to the interface. In contrast, for fields perpendicular to the interface the second BC imposes the continuity of the spin density.
With the help of these BC we explore the non-local SGE and its inverse in a hybrid structure consisting of a metal without SOC adjacent to Rashba conductor. First, we analyze the inverse SGE, i.e., the conversion of a charge current into a spin density. When the field is applied parallel to the interface between the two conductors and in the absence of ESR, the spin induced in the Rashba metal does not diffuse into the normal metal. However, for a finite r ext , a finite SH current appears and leads to a spin density diffusing into the normal metal. In the case in which the field is applied perpendicular to the interface, the situation is rather different. In this case, the spin generated via the local inverse SGE always diffuses into the normal metal.
We also study the reciprocal effect, i.e., the SGE which is based on the spin-to-charge conversion. For a system with a 1D spatial inhomogeneity, we obtain from the spin diffusion equation a direct proportionality between the local spin induced by the inverse SGE and the spatially integrated charge current induced by the direct SGE. This relation leads to a complete reciprocity between these two observables, and we use it to study the non-local SGE in the same setup. Finally we compute the local currents and redistribution of the electrochemical potential, induced by the SGE in a system of finite lateral dimensions without ESR.
Our results are relevant to experiments on non-local magnetoelectric effects in hybrid structures which combine regions with different strengths of SOC, as for example normal metals in contact with heavy materials [16, 56] , heterostructures of graphene with transition metal dichalcogenides [57] [58] [59] or with clusters of adatoms [60] , or by contacting graphene/heavy metal electrodes [61] . 
with r s = λ α /λ s , and a, κ from Eq. (A2). On the other hand, when the injected spin current is polarized in y-direction, Sec. V A, one obtains: 
